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1 A family of functions is defined as

£(x)

= ax+—>— x#—1

1+x’

where the parameter «a is a real number. You may find it helpful to use a slider (for a) to
investigate the family of curves y = f(x).

@ @

(i)

(iii)

() (@)

(ii)

(iii)

On the axes in the Printed Answer Booklet, sketch the curve y = f(x) in each of the
following cases.

e g=-2

e g=—1

e a=0 [3]
State a feature which is common to the curve in all three cases, a = =2, a = —1 and
a=0. 1]
State a feature of the curve for the cases a = —2, a = —1 that is not a feature of the curve
in the case a = 0. 1]

Determine the equation of the oblique asymptote to the curve y = f(x) in terms of a. [3]

For b # —1, 0, 1 let 4 be the point with coordinates (—b, f(—b)) and let B be the point
with coordinates (b, f(b)).

Show that the y-coordinate of the point at which the chord to the curve y = f(x) between
A and B meets the y-axis is independent of a. [3]

With y = f(x), determine the range of values of a for which
e y=20forallx=0
e y<Oforallx=0 [5]

(¢) Inthe case of a = 0, the curve y = */f(x) has a cusp.
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Find its coordinates and fully justify that it is a cusp. [5]
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2 Throughout this question (a, b, c) is a Pythagorean triple with the positive integers a, b, ¢ ordered
suchthata < b <c.

(a) Show that a* = b+c¢ ifand only if ¢ = b+ 1. [4]
(b) Create a program to find all the Pythagorean triples (a, b, c¢) such that a’*=b+c and

¢ < 1000. Write out your program in full in the Printed Answer Booklet. [3]
(¢) Write down the number of Pythagorean triples found by your program in (b). [1]
(d) Prove that there is no Pythagorean triple, (, b, ¢), in which b* = a+c. [3]

3 Wilson’s theorem states that an integer p > 1 is prime if and only if (p —1)! =—1(modp).
(a) Use Wilson’s theorem to show that 17! = 1(mod 19). 2]
(b) A prime number p is called a Wilson prime if (p— 1)! =— 1 (mod p?).
For example, 5 is a Wilson prime because (5—1)! = 24 =—1(mod 25).

At the time of writing all known Wilson primes are less than 1000.

(i) Create a program to find all the known Wilson primes. Write out your program in full in
the Printed Answer Booklet. [4]

(ii) Use your program to find and write down all the known Wilson primes. [1]

(iii) Prove that if there is an integer solution m to the equation (p— 1)!+ 1 = m? where p is
prime, then p is a Wilson prime. [3]
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4  In this question you are required to consider the family of differential equations

d—PZrP<1—§

T ) 10, P()>0(%)

where » and K are positive constants. This differential equation can be used as a model for the size
of a population P as a function of time ¢.

(a) (i) Determine the values of P for which

dP _
E—O

dpP
E>O

dpP
E<O (4]

(i) Solve the equation (*) subject to the initial condition that P = P, when ¢ = 0. 1]
(iii) Find a property common to your solution in (ii) in the cases P, > K and P, < K. [1]

(iv) State a feature of your solution in (iii) for the case P; > K which is different to the case
P, <K. [1]
0

(v) Interpret the value K when P(¢) is the size of a population at time . [1]

(b) In this question you will explore the limitations of using the Euler method to approximate
solutions to the differential equation

dP _ 5125 P \!®
S =2P <1_W> 120, P(1)>0(*¥%
The diagram shows the tangent field to (**), and a solution in which P = 1 when ¢ = 0,

produced using a much more accurate numerical method.
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)

(i)

(iii)

(iv)

v)

The Euler method for the solution of the differential equation f(z, P) = % is as follows

P, =P, +hi(i,P).

Itis given that ¢, = 0 and P, = 1.

e Construct a spreadsheet to solve (**) using the Euler method so that the value of 4
can be varied.

e State the formulae you have used in your spreadsheet.
[4]
Use your spreadsheet with 2 = 0.1 to approximate
s P(1)
* P(2)
* PG3)
1]
Use your spreadsheet with 2 = 0.05 to approximate
s P(1)
* P(2)
* PQ3)
1]

State, with reasons, whether the estimates to P(f) given in your spreadsheet are likely to
be overestimates or underestimates to the exact values. [2]

With reference to the diagram, explain any noticeable feature identified when comparing
the approximations given to P(2) in (ii) and (iii). 2]

END OF QUESTION PAPER

Y436/01 Jun23



6
BLANK PAGE

© OCR 2023 Y436/01 Jun23



7
BLANK PAGE

© OCR 2023 Y436/01 Jun23



OCR

Oxford Cambridge and RSA
Copyright Information

OCR is committed to seeking permission to reproduce all third-party content that it uses in its assessment materials. OCR has attempted to identify and contact all copyright holders
whose work is used in this paper. To avoid the issue of disclosure of answer-related information to candidates, all copyright acknowledgements are reproduced in the OCR Copyright
Acknowledgements Booklet. This is produced for each series of examinations and is freely available to download from our public website (www.ocr.org.uk) after the live examination series.

If OCR has unwittingly failed to correctly acknowledge or clear any third-party content in this assessment material, OCR will be happy to correct its mistake at the earliest possible
opportunity.

For queries or further information please contact The OCR Copyright Team, The Triangle Building, Shaftesbury Road, Cambridge CB2 8EA.

OCR is part of Cambridge University Press & Assessment, which is itself a department of the University of Cambridge.

© OCR 2023 Y436/01 Jun23



