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Solving cubic equations
Modern scientific calculators will solve cubic equations, giving the real roots in decimal form. For example,
a calculator gives the root of x* +6x* +12x+13 = 0 as —3.71 correct to 2 decimal places. The root is the

x-coordinate of the point where the curve y = x> +6x” + 12x+ 13 crosses the x-axis, as shown in Fig. C1.
Drawing the curve indicates that the equation has only one real root.

y=x3+6x2+12x+13

> x T T

A general method for solving cubic equations

The general formula for solving the quadratic equation ax?®+bx+c = 0 is well known; this is based on
methods known to the Babylonians 2400 years ago. A method for solving cubic equations came much later.

Scipione dal Ferro first solved cubic equations of the form x* +mx = n around 1515 in Italy but the method
did not become widely known until 30 years later. Any cubic equation can be transformed into the form
x> +mx = n; this process is sometimes known as ‘depressing’ the cubic equation.
Depressing a cubic equation
In the equation x° +6x” +12x+ 13 = 0, replace x by (x—2) to give

(x—2)*+6(x—2)*+12(x—2)+13 = 0.

This simplifies to x* +5 = 0. The curve y = x° +5 is a translation of the curve y = x> +6x* + 12x+ 13, as
shown in Fig. C2.

The depressed equation, x> +5 = 0, has one real root, x =— 5. Hence the original equation has one real
root, x =—3/5-2.

In general, for the cubic equation ax® + bx* +cx+d = 0, replacing x by <x— 3%> will give a cubic equation

with no x? term.
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Vieta’s substitution

In the example above, the depressed equation was easy to solve but this is not always the case. There are
several ways of solving a cubic equation of the form x®+mx =n. One of them is by using Vieta’s

substitution, x = y—%; this is not the method used by dal Ferro, but the working is simpler. Vieta’s

substitution is illustrated below for the equation x* +3x = 5. 25

The required substitution in this case is x = y— % This gives x° in terms of y as follows.

-l
-t
= y3 —3y+ % - #
Substituting for both x* and x into the equation X +3x=5 gives 30

3 3 1 ( 1)_
-3y+=——=+3y——)=5,
YAy » y

which simplifies to

31
y —F—S.

Multiplying through by »* gives the following quadratic equation in y°.

0)2=5°-1=0 35
5+v29

Solving this quadratic equation gives y° = 5

Solving the original cubic equation

There are two possible values of y but substituting back into x = y — % results in the same value of x for each of

them. This value is x = 1.15, correct to 2 decimal places, and this is the root of the depressed equation. The

root of the original equation can now be found. 40
Going beyond the real numbers

If the original cubic equation has three real roots, the quadratic equation in y* obtained by using Vieta’s

substitution does not have real roots. However, by using techniques beyond A Level Mathematics, it is still
possible to find the roots of the original cubic equation.
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